Crack Detection Using Wavelets by Gatsos, Theofilos
Worcester Polytechnic Institute
Digital WPI
Major Qualifying Projects (All Years) Major Qualifying Projects
April 2017
Crack Detection Using Wavelets
Theofilos Gatsos
Worcester Polytechnic Institute
Follow this and additional works at: https://digitalcommons.wpi.edu/mqp-all
This Unrestricted is brought to you for free and open access by the Major Qualifying Projects at Digital WPI. It has been accepted for inclusion in
Major Qualifying Projects (All Years) by an authorized administrator of Digital WPI. For more information, please contact digitalwpi@wpi.edu.
Repository Citation
Gatsos, T. (2017). Crack Detection Using Wavelets. Retrieved from https://digitalcommons.wpi.edu/mqp-all/3818
1 
 
CRACK DETECTION USING THE WAVELET TRANSFORM 
 
A Major Qualifying Project Report 
 
Submitted to the faculty 
 
of the 
 
WORCESTER POLYTECHNIC INSTITUTE 
 
in partial fulfillment of the requirements for the 
 
Degree of Bachelor of Science 
 
By 
 
Theofilos Gatsos 
 
Date: April 27th, 2017 
 
 
 
 
 
 
Approved: 
 
       Professor Zhikun Hou, Major Advisor  
2 
 
Contents 
ABSTRACT ...................................................................................................................................................... 3 
1. INTRODUCTION ......................................................................................................................................... 5 
1.1 Structural Health Monitoring and Non Destructive Testing ................................................................... 5 
1.2 Vibration-based damage detection .................................................................................................... 5 
1.3 Wavelet Transform ............................................................................................................................. 8 
1.4 Applications of Wavelet Transform in Crack Detection .................................................................... 10 
1.5 Important Concepts in Wavelet Crack Detection ............................................................................. 14 
1.6 Bridge Crack Detection Background ................................................................................................. 19 
2. CRACK DETECTION PARAMETRIC STUDY ................................................................................................ 20 
2.1 FEM Models for Beam Crack Detection ............................................................................................ 20 
2.1.1 Reduced Cross Section Method ................................................................................................. 21 
2.1.2 Beam and Rotational Spring Elements ....................................................................................... 23 
2.1.3 3D Structural Solid Elements for Cracked Beam Modeling ........................................................ 24 
2.1.4 Tetrahedral Elements for Cracked Beam Modeling ................................................................... 26 
2.1.5 FEM Conclusions ........................................................................................................................ 27 
2.2 Wavelet Transform Parametric study ............................................................................................... 29 
2.2.1 Crack Detection from Static Load on a Beam using Rotational Spring Assumption .................. 29 
2.2.2 Sampling Effects ......................................................................................................................... 44 
2.2.3 Graph Padding ............................................................................................................................ 49 
3. RESEARCH APPLICATION: BRIDGE CRACK DETECTION USING WAVELETS .............................................. 52 
3.1 Bridge Modeling ................................................................................................................................ 52 
3.2 Methods for Crack Detection ............................................................................................................ 62 
3.3 Data Types for Detection of Cracks on Bridges ................................................................................. 65 
4. DISCUSSION AND FUTURE WORK ........................................................................................................... 67 
REFERENCES ................................................................................................................................................ 69 
APPENDIX .................................................................................................................................................... 73 
A. ANSYS PROCEDURE FOR USING TETRAHEDRAL ELEMENTS ............................................................... 73 
B. MATLAB CODES FOR SIMULATION AND DETECTION .......................................................................... 74 
 
 
  
3 
 
ABSTRACT 
This report develops an algorithm for the detection of cracks on bridge structures, based on the 
Wavelet Transform (WT). A review of the state of the art techniques for crack detection of 
beams and bridges is made, and studies for the effectiveness of Finite Element Modeling and 
WT characteristics, such as wavelet type and noise effects, are performed. The results from 
these attempts are used for the development of a robust approach to detecting damage in 
bridge structures, introducing the concept of multiple-support-bridge crack detection. Both 
direct use of mode shapes and of moving load approaches to detection are made, commenting 
on the advantages and drawbacks of each. An overall assessment of the state of the art of WT 
damage detection is given in the concluding paragraphs. 
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1. INTRODUCTION 
1.1 Structural Health Monitoring and Non Destructive Testing 
Damages are often observed in engineering structures during their service life. Damage case 
might include fracture due to fatigue of the materials, or spalling of a sun gear of a transmission 
system (Samuel et al. 1998). Damage may be caused by various factors such as excessive 
response, accumulative crack growth, and impact by a foreign object. Future intelligent 
structures demand high system performance, structural safety and integrity, and low 
maintenance cost. Structural health monitoring (SHM) has emerged as a reliable, efficient, and 
economical approach to monitor system performance, detect damages if they occur, in order to 
be able to make appropriate decisions regarding maintenance (Hou et al. 2000). A typical SHM 
system will contain two main components: a sensor network that is responsible for measuring 
the response of the system, and a data analysis algorithm (software) that will process response 
data in order to classify the results (Hou et al. 2000).  
Non Destructive Testing (NDT) is the term coined to the type of SHM that does not cause any 
damage to the structure while testing. Sensor output is meant to provide information about the 
structure’s integrity without the need for taking the structure apart. NDT techniques include 
but are not limited to acoustic methods or ultrasonic methods, magnet field methods, X-ray 
techniques, radiographs, eddy-current methods and thermal field methods (Doebling et al. 
1996). These methods are meant to examine the structure using electromagnetic or acoustic 
excitation techniques. A device emits a sound wave into a solid structure, and then receives the 
reflected waves. These waves are likely to contain damage information, if damage exists. A 
cavity in the component will, for example, distort the received waves in manner that is non-
destructive and damage revealing. Vibration signals have also been used for non-destructive 
testing of structures. The basic idea is that modal parameters (notably frequencies, mode 
shapes, and modal damping) are functions of the physical properties of the structure (mass, 
damping, and stiffness). Therefore, changes in the physical properties will cause changes in the 
modal properties (Doebling et al. 1996). In this report, we will employ vibration based 
techniques, based on some of their potential benefits as explained in the following paragraphs.  
 
1.2 Vibration-based damage detection 
Traditional NDT techniques were mentioned in the previous paragraph. Techniques such as 
acoustic, ultrasonic, X-ray, eddy-current or thermal ones all suffer from certain limitations. They 
all require a certain a priori knowledge of the existence of damage, as well as knowledge of the 
specific damage location. Indeed, it is extremely time consuming and expensive to examine a 
large structure, like a bridge, using such techniques. Their advantage is their accuracy of 
detecting and visualizing the damage, only when the engineer knows where to look. Vibration 
based techniques were employed in order to achieve a globalized detection scheme, based on 
the idea that existence of the damage will alter the global properties of a structure (Doebling et 
al. 1996).  
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A systematic state of the art review was published by Dimarogonas in 1997, regarding the 
vibration of cracked structures. We will look through some of concepts presented in that 
review, in order to establish a good summary of the engineering and mathematical background 
of this field. Before, that let us mention, that fracture (the appearance of a crack) is going to be 
the main focus of this paper, and this is why Dimarogonas’ review is very instructive.  
According to the review, the interest in the vibration characteristics of cracked structures 
sprung with the first signs of degradation in the equipment for power production in the United 
States. According to the author, who performed the first such studies for General Electric, 
Turbine Department in the 1970’s, the bulk of power generation machinery was commissioned 
in the 1960’s, with a 30 year approximated life span. This led to the need of understanding of 
the effects of fracture, in order to be able to perform non-destructive examination of the 
equipment that was rapidly approaching the end of its life span.  
The effect of a crack on a structure was already known to cause a local reduction of stiffness, or 
in other words, introduce a local flexibility to the structure. Such effects were first introduced 
on beam structures, by Kirmsher in 1944. The first attempts for the modeling of the effect of a 
crack were made using a local bending moment, or a reduced local cross section. With the word 
“local”, we mean that the effect is positioned only at the vicinity of the actual crack. Of course, 
such presence of a locally reduced cross section would be responsible for alterations of global 
vibration characteristics, such as natural frequencies or modal shapes. At that stage, magnitude 
of these local deficiencies was calculated with experimental techniques.  
The quantification of the local flexibility induced by the crack was first performed by Irwin in 
1957. The quantification was carried out by using the concept of the stress intensity factor (SIF). 
Several attempts have been made since then to establish a good correlation between SIF and 
local stiffness reduction, according to Dimarogonas review. The formula used by Liebowitz and 
co-workers in 1967 was based on strain energy release rate and SIF relations as well as the 
theory of elasticity, establishing the following results: 
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                       (1) 
where h is the height, b the width of the rectangular cross-section, EI the flexural rigidity, s = 
a/h, a the crack depth and 
            
                                                          
                          
               (2) 
As mentioned earlier, such local stiffness reduction is accompanied by change in global 
characteristics. Natural frequencies of a beam structure are reduced as a result of local 
alteration. Dimarogonas noticed that for small cracks, the decrease in natural frequency is 
proportional to crack depth ratio (s=a/h). Therefore, that made it an impractical method for 
detection, because for SHM the damage should be detected when it is still small, otherwise 
defeating the purpose of the entire investigation. In the years after Dimarogonas’ review, other 
authors did in fact make use of the natural frequencies of beam and plate structures, with 
mixed results in the damage detection procedure. One of the numerous examples is Xiang et al. 
(2012), who used modal shapes as a way to localize the crack’s position, and natural frequency 
as a way to quantify the size of the crack.  
Based on Xiang et al. (2012), we can see the efficiency of the wavelet transform in detecting 
damage. Wavelet techniques were not common at the time of Dimarogonas’ review, and 
therefore the author does not emphasize the possibilities they offer for damage detection. We 
can see that a great strength of the wavelet transform is its ability to look at mode shapes, 
using its excellent localization of abrupt changes in frequency contents. Extensive discussion of 
the wavelet transform will follow shortly, but it is important to recognize right away that mode 
shapes where not thought of as great damage indicators, compared to natural frequencies, 
which got most the attention in the early years. Additionally, the data gathering techniques that 
made possible the mode shape of engineering structures were simply lacking in the earlier 
years. New techniques such as laser vibrometers have had a significant effect in the interest for 
determining mode shapes. 
Continuing on with our investigation of the review, we should report the existence of beam 
vibration coupling due to cracks. A beam model has 6 degrees of freedom (DOF). Anifantis and 
Dimarogonas in 1983, computed the stiffness matrix of the damaged area, a 5x5 matrix 
(neglecting torsion). They noticed the existence of non-diagonal terms, which is an indicator of 
coupling. In general, coupling is a phenomenon that shows the dependence of the vibration of 
one of vibration variable to the vibration of another. Coupling is a well-known vibration effect, 
and it has a severe effect on the global vibration characteristics of a system, making it a good 
candidate for crack detection. With the main concepts having been clarified, we will continue 
our introduction with the Wavelet Transform and its applications in damage detection.  
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1.3 Wavelet Transform  
 
The Wavelet Transform is a mathematical process, in which a signal is analyzed using a set of 
analyzing functions. Wavelet Transform belongs to the field of time-frequency analysis. The 
most well-known technique for frequency analysis is the Fourier transform. In this introductory 
review, we will present the Fourier Transform (FT), the Short Time Fourier Transform (STFT) and 
Wavelet Transform (WT). These are three mathematical techniques used for expressing a signal 
in terms of a set of functions. The frequency of a signal is a measure regarding its periodicity. A 
high frequency signal and low frequency signal are shown in figure 1 for comparison. They are 
simple cosine waves created using Matlab.  
 
Figure 1: Comparison of low (left) and high (right) frequency signals 
 
Both these signals are defined by one frequency component, because they are cosine waves 
with a single frequency. The idea of the Fourier Transform is to express the frequency content 
of a signal. Therefore, the frequency content of the above signals would be a Dirac delta 
function. Complicated signals can be expressed as the sum of multiple cosine and sine 
functions, therefore containing multiple frequencies. The central idea is mathematically 
expressed as follows: 
                                             (3) 
The Fourier Transform essentially uses the family of sine and cosine functions, each specific pair 
of sine and cosine functions having a different frequency. Then, given the time signal, we can 
mathematically solve for the coefficient    of each function. The plot of coefficients against 
each frequency is the Fourier Transform of the signal, representing the frequency spectrum. 
While we will not go into the deeper mathematical derivations, we will show the mathematical 
definition of the Fourier Transform, as follows: (Liew et al. 1998) 
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               (4) 
In many cases, and such as in crack detection, there is a need for localizing the frequency 
content of the signal. FT is not helpful in this respect, because it presents the entire spectrum 
existing throughout the signal history. The STFT is a version of the FT that uses a “window” for 
the examination of frequency content in specific temporal regions. In this way, we achieve 
some localization of the frequency content. The STFT is defined as follows: 
                        
               (5) 
A high degree of localization cannot exist in both the time and frequency domains, using this 
technique (Liew et al. 1998). Similar to Heisenberg’s Principle of uncertainty in quantum 
mechanics, there exists a limitation, in other words, a minimum uncertainty that always exists 
in the time-frequency domain. That means that if, for example, we try to use very short time 
windows when we perform the STFT, we are going to have good time localization, but the 
frequency localization will worsen. It goes the other way around as well. If we increase the 
window, we achieve a better frequency localization, but a worse time localization. The Wavelet 
Transform is a relatively recent approach, developed in the mid-to-late 20th century. It counts 
on making a very useful compromise, sacrificing some of the time localization of the low 
frequencies of a signal, and in return getting much better localization in the higher frequencies.  
Due to its multi-resolution properties, wavelet analysis, acting as a signal microscope, appears 
to have a better ability to analyze the details of non-stationary signals in comparison to the 
aforementioned tools. A wavelet function ψ(x) is a zero mean local wave-like function which 
decays rapidly and satisfies particular conditions (Mallat, 2001). We will not expand upon these 
conditions at this point. In the case of FT, we saw that the family of analyzing functions are 
global functions, specifically sine and cosine waves. The Wavelet families are characterized by:  
        
 
  
  
   
 
           (6) 
In the above equation, s and k are respectively the scale and translation parameters (Montanari 
et al. 2016). The WT follows the same principles as the FT, the main difference being the use of 
a family of functions that have compact support, meaning that they are defined in a localized 
region only. Their scaled versions are responsible for capturing the multiple frequency 
components existing in the signal, while their translated versions ensure time localization 
across the entire signal domain. The WT of a signal x(t) is mathematically defined as follows: 
            
 
  
  
  
   
   
 
           (7) 
Where * denotes the complex conjugate (Montanari et al. 2016). Again, we will refrain from 
going into the mathematical proofs of this concept, but, hopefully, the essence has been made 
clear.  
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A question arises about which type of wavelet would be useful for the analysis. The answer is 
related to the concept of vanishing moments. A wavelet is said to have n vanishing moments if: 
   
  
  
                  (8) 
In simple terms, a wavelet with one vanishing moment does not interact with linear functions, 
because it is orthogonal to them. Two vanishing moments make a wavelet orthogonal to 
quadratic functions as well. Daubechies (1992) proved, that if a wavelet has n vanishing 
moments, its support length must be at least 2n-1. Localization worsens as support length 
increases and the same holds for the number of computations. Then, a compromise has to be 
made between the number of vanishing moments and support length (Douka et al. 2003). 
Since the identification of a discontinuity in a function or in any of its derivatives can be linked 
to the number of vanishing moments of the analyzing wavelet function (Pakrashi et al. 2007), it 
is possible for a wavelet transform to detect singularities by choosing an appropriate basis 
function ψ(x). Since the presence of an open crack in a beam may introduce a singularity in the 
derivatives of the deflected shape, wavelet transform is deemed to be a powerful tool to locate 
the damage. Due to the presence of the singularity, a wavelet transformed deflected shape 
yields a local variation or extremum of the wavelet coefficient at the location of damage 
throughout the different scales. The reader is directed to Chui (1992) for more information on 
Wavelet Theory. 
1.4 Applications of Wavelet Transform in Crack Detection 
At this point we will look at the recent applications of the wavelet transform in the detection of 
cracks. We will examine the research papers that have added valuable elements to the 
detection using the Wavelet method. According to our knowledge, the first attempt of 
employing the WT was by Surace and Ruotolo (1996). These authors demonstrated the 
possibility of detecting damage on a beam structure, by using one accelerometer. Using a FEM 
model, applying the principles of fracture mechanics as we described them earlier, they used a 
cantilever beam, applied excitation, and then simulated the response at the free end. 
Therefore, they acquired a time signal, and then applied the Wavelet Transform on it. The 
authors were assuming that due to the non-stationary character of the acquired signal, the WT 
coefficients would show peaks (or singularities) at specific points. The non-stationarity is based 
on the fact of the opening and closing of the crack. Indeed, as the beam vibrates, when it 
reaches one extreme position the crack will be open, while at the other extreme position the 
crack will be closed. Therefore, there will be constant switching between the natural 
frequencies that dominate the vibration. In the case of no cracks, there is clearly no such case 
of abrupt changing of the natural frequencies of motion. This attempt demonstrated the 
excellent applicability of the WT for the detection of abrupt changes in the signal.  
An important breakthrough occurred with the research from Wang and Deng (1999). The 
researchers applied the Wavelet Transform on the spatial deformation signal of a beam. That is 
an important difference compared to the previous approach. Indeed, up to now we have only 
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talked about time signal analysis by WT usage. In fact, a signal that is in a space domain is also 
applicable for WT analysis. The main concept, is the fact that the signal from the mode shape 
(that is the deformation against position on the beam) will contain abrupt changes in its 
frequency content, locally, at the position of damage. The concept of frequency related to a 
space signal might be troubling for some readers, but mathematically there is no difference 
whatsoever. What this paper showed, was that even though the local, abrupt changes in 
frequency content of the mode shape are really small and hard to notice, they are efficiently 
detected by the Wavelet Transform. The wavelet coefficients form a singularity, that is a peak 
or a trough. Multiple examples will be shown later on in the report. Of course, this comes with 
the great benefit of the immediate exposition of the location of damage on the beam structure, 
something that was a complex task when looking at the time signal as Surace and Ruotolo 
(1996) did. Later research showed that not only we can establish the location of the damage, 
but depending on the amplitude of the singularity of the Wavelet Coefficients (WCs), we could 
get a good estimate of the extend of the damage. This technique got significant attention later 
on, but it exposed one great problem. Measurement of mode shapes is very complicated in 
itself. The authors suggest the use of a distributed sensor network, for example multiple 
accelerometers strategically positioned for obtaining the mode shape of a structure. Laser 
vibrometers, or Global Positioning System (GPS) are different ways to obtain such data. 
Immediately, we see the great problem at this point of research; the cost and complexity of 
data collection against the accuracy and overall strength of the employed method. We should 
remember that the time-signal techniques where based on few accelerometers, one in many 
cases. Therefore, it was needed to go deeper into understanding the actual strengths and 
limitations of the mode shape-based methodologies.  
Douka et al. (2003) made a rigorous step in the direction by going deeper into the 
understanding of the possibilities that WT-based mode shape techniques can offer. First, we 
should comment on the discussion of noise. It is self-explanatory that any real measurements 
will always contain noise. This was not addressed by Wang et al. (1999). Douka suggests that 
the Wavelet Coefficients behave differently at the existence of noise. The main effect is that for 
increasing scales (remember that the scale is a direct function of frequency in WT) the size of 
the peaks decreases. In absence of noise the WCs will form peaks at the crack locations, but the 
magnitude of the peaks will always increase with higher scale. This fact is a good way of 
separating peaks that are randomly generated due to noise, and those that are generated 
because of a crack. The authors experimented with noise, artificially added to the data, and 
managed to get good results with an added noise of 5% of the value of the signal. They also 
experimented with a Plexiglas beam, achieving good results in crack localization. They touched 
upon the subject of resolution requirements. Indeed, it is very natural to expect that a non-
sufficiently sampled signal will not perform well enough for the purposes of deflection. 
Especially with the addition of slight noise, a signal that was not sufficiently dense would 
become useless in the detection of cracks. In their experiment, the authors had trouble with 
the number of measurements they could obtain. Their accelerometer had a non-trivial radius 
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and the length of the beam was relatively small. Therefore the number of measurements they 
could get was not dense enough. They used an oversampling technique, using cubic spline 
interpolation. In this way, they increased the number of measurements for 39 to 390. Their 
results seemed to offer good localization of the damage point, but it is clear that any 
oversampling technique is not ideal, especially when trying to measure small cracks.  
At this point we have already raised a number of important issues. The next important idea is 
from Andreaus et al. (2016). In this report, the authors looked at static deflection profiles of 
beam structures. Specifically they used industrial I-section beams. Before going deeper into 
their analysis, we should discuss some of the main points that the authors are making use of. 
First, the authors make a distinction between “open” cracks and “breathing” cracks. An open 
crack will behave like a notch, meaning that it has an effect on the modal characteristics of the 
structure despite the orientation of the excitation. A breathing crack will be open if the 
excitation load is acting in such orientation that it pushes the crack to open up, but it will be 
closed in the opposite case. The crack studied by Ruotolo et al. (1996) was a breathing one, as 
an example. The authors have, in previous research by Andreaus, Casini (2016), developed a 
criterion for crack detection from static deflection profiles. They applied the load in two 
directions, for the case of breathing cracks, and will subtract the two mode shapes from one 
another. In the case of open cracks, they will subtract the healthy beam signal from the cracked 
beam signal. They assume no previous knowledge of the structure characteristics, therefore 
expecting to obtain Young’s Modulus and Cross Sectional Moment of Inertia by experimental 
approaches. Going into their research mentioned in the beginning of the paragraph, the 
authors used a commercial digital camera as the means for collecting spatially distributed data. 
Of course, a digital camera can only collect static deflection data and not dynamic. It was, of 
course, well known at that time that both signal types can reveal the location of damage 
(Ovanesova, Suarez (2004)).  Here we should mention that the ability of collecting data by using 
a digital camera is signifying a great breakthrough, simply because it eliminates the greatest 
drawback of the spatial signal technique: cost! The idea of using a digital camera for collecting 
data was first expressed by Patsias et al. (2002). The approach by Andreaus et al. made use of 
image processing, going down to the pixel level and interpolating to further increase the 
resolution of the image. They managed to successfully identify fracture as small as 3% of the 
beam height.  
At this point we will present a different approach, on which we have based a great part of 
research on. Umesha et al. (2009) made an attempt to detect damage with the use of a moving 
static load. They worked on a beam structure that contained a crack, and attempted to exert a 
static load at different equally spaced positions along the beam. For every load case, they 
measured the displacement of a single sensor, located somewhere along the beam. The 
authors constructed a graph of load position against deflection of the sensor, and applied the 
WT on this signal. The results indicated peaks in the position of the cracks. The authors noticed 
that there must be measurements taken at two points instead of a single one, in order to 
account for the case that the crack overlaps with the sensor position, where damage detection 
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would become impossible. This technique is especially suitable for bridge structures, where a 
heavy vehicle can act as the excitation, and only two accelerometers would suffice. The authors 
successfully constructed a Damage Index for quantifying the effect of the damage.  
Wavelet analysis has been extended to plate damage detection as well (Xu et al. 2015). The 
topic of detection of damage in plates using wavelets had been explored for more than a 
decade (Chang et al. 2004). A few words should be said before commenting on that research. 
Modal shape curvature is a concept used throughout their report, and it is in fact a term that 
has been used for multiple research papers. Modal shape curvature is defined as the second 
derivative of the mode shape with respect to position along the length of the beam. It has been 
analyzed in the past (Yam et al. 2002), and it has been found to be a good way for revealing the 
damage. As a method it is of course, a mathematical technique, just as the wavelet transform 
is. The paper under examination comments on a great disadvantage of the modal curvature 
technique. Since it relies on discrete signal differentiation, it is responsible for decreasing the 
signal to noise ratio. With some mathematical manipulation, by taking advantage of the 
properties of convolution, the authors showed that instead of performing numerical 
differentiation upon the mode shape, they can perform the convolution with the second 
derivative of the mother wavelet function. So, instead of using the Gaussian wavelet as a 
mother wavelet, they used the Mexican Hat wavelet, whose waveform is defined as the second 
derivative of the Gaussian. Last, we should mention the fact that since they are dealing with 
plate damage, they used the 2D Wavelet Transform. This should not trouble the reader, 
because its concept is simply to take the wavelet transform along two dimensions. The authors, 
additionally made use of the concept of Teager energy, which successfully acted as a 
mathematical amplification of damage. The overall research was done with the use of finite 
element methods, using plane stress elements, and an experiment, where data were collected 
with a scanning laser vibrometer. The results were successful showing the strength of the 
avoidance of numerical differentiation, and the use of Teager energy as an operator. The 
question that this is raising, is that even though modal curvature has been a proven operator 
applied on the mode shape, in terms of damage detection possibilities, there is no proof in the 
literature (to my knowledge), that the Mexican Hat wavelet is indeed outperforming other 
wavelets. Because the Mexican Hat wavelet transform, if seen as another mathematical 
operator, should have some advantages over other wavelets, since it resembles the operator of 
modal curvature. If that is not the case, it seems unreasonable to continue looking into the 
modal curvature operator, if the wavelet transform is mathematically more appropriate. 
Needless to say that there is indeed, a great problem in WT analysis, the one of selection of 
wavelet function, and the authors do comment on that. But to claim that the Mexican Hat is a 
better candidate does not seem to be supported by other research. In fact, a parametric study 
for detection on beams (Montanari et al. 2016) found the Coiflet 4 wavelet to be superior. With 
all this research in mind, we go on with our introductory paragraphs, in an effort to cover the 
basic points that our research is attempting to address.  
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1.5 Important Concepts in Wavelet Crack Detection 
After taking a look at the literature, we have made an attempt to create a systematic approach, 
one that is well equipped for the requirements of this field. We have already discussed the two 
main parts of SHM. These are in short, data collection and data processing. Data processing has 
to be mathematical. From the different techniques, the WT stands out, but we should also 
mention machine learning as an alternative approach. Support vector machines and neural 
networks for example, have been extensively used in this field. What is great is that these two 
different approaches can be combined (Hossain et al. 2017). That might be useful, in order to 
help the AI algorithm to get some understanding of “where to look for damage”, taking 
advantage of the WT’s behavior as a signal microscope. These three techniques have all shown 
great potential (WT, machine learning, combination of the two), and can be expected to find 
improvements with the potential improvements of machine learning algorithms, as well as the 
WT itself.  
The main areas of worry would therefore not be in this (the processing) part of SHM. Indeed, 
we have seen the great problem of data collection, especially when dealing with mode shapes. 
The use of commercial digital cameras was a great step, but it can only be applied to static 
loads, and it supposes that the equipment can be statically excited during its operation. We 
should remember that ultimately, SHM should focus on being possible during operation, or at 
least with minimal preparations, while of course, being completely non-destructive. Of course 
solutions do exist, taking advantage of GPS systems and lasers. In order to experiment with the 
possibilities for data collection, researchers need to come up with good ways to model fracture, 
or fracture’s effect. The two main ways used up to now are either numerical models, such as 
Finite Element models, or damaged copies of the structure under examination. These 
approaches both share some limitations, the second one being very impractical indeed, 
because of the waste it produces, and its unavailability for expensive and unique structures. It 
seems that the use of numerical models is extremely important in this field. This is why our 
research was directed towards selecting appropriate models. These issues will be brought up 
again, later on, but we would like to comment on one possibility for the future. There are 
always going to be issues with numerical models, because they assume that the engineer 
understands the condition of the structure completely. For example, rigid support assumptions, 
or general boundary condition simplifications can be problematic.  
The real structure is bound to have some differences with the modeled structure, and the 
engineers are left hoping that these differences are not significant enough to make their 
methodology invalid. But when we are dealing with WT methods, which rely on magnifying a 
small, “invisible to the human eye” part of the signal that contains damage, the problem can 
become greater. The potential for modeling the cracks on the real structure itself, at its working 
conditions, will solve some great issues. Of course, causing fracture on the equipment in order 
to teach your computer how to tell if there is fracture, is defeating the purpose entirely. A good 
development would be a field of “Non-Destructive Real Damage Modeling”. This is a tough 
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challenge, but an idea could be to use an added mass that would cause some imbalance, 
affecting the vibration signal and making it simulate a cracked structure signal. This idea has 
been referenced, although not with the entire concept in mind (Srinivasan et al. 2016). 
Another, much more complicated idea would be to find a way to locally reduce Young’s 
Modulus in a structure, for example through highly localized heating. Such ideas are far from 
practical for this project, and were therefore abandoned, the attention turning towards the use 
of good numerical modeling.  
 
One of the important concepts in fault detection is the need for a priori knowledge of the 
system in question. To clarify this concept, we can say that a fault can be detected in two 
general ways. The first is based on a response signal that is different from what it was under 
normal circumstances. The fact that the signal is different should mean that an unexpected 
change has occurred in the structure, therefore pointing to a fault. Of course, it should be 
noted that environmental conditions can also cause alteration of a response signal, something 
that could potentially lead to a false alarm (Kim et al. 2003). If we are concerned about fracture, 
we can generalize the patterns observed in Wavelet Coefficients, in order to understand when 
the problem is a crack and when it is something else. The other approach to detect damage is 
by complete prediction of the response of an unhealthy system. This can be done if the 
engineer has what is called “a priori” knowledge of the system, in which case he can 
successfully predict what a response signal would look like in case of damage. If, for example, 
we imagine a structure with a non-linear material, we should gather knowledge of its exact 
behavior, otherwise peaks in WCs could easily become misleading. It is clear why there is a 
trend towards detection without a priori knowledge, since extensive modeling is not required in 
that case. It should be noted, as we discussed earlier, that extensive modeling still plays a role 
(Hasami et al. 2016) because it is the extremely useful for conducting research. Of course, real 
experiments are always helpful during research, but it is the mathematical behavior of the 
system that needs to be found useful for the purposes of detection. We will therefore take a 
moment to discuss some of the modeling techniques found in literature.  
Multiple modeling techniques have been employed for the research of crack detection. 
Modeling with 3D hexahedral elements was performed and its performance was tested against 
solving the Euler-Bernoulli beam equation, with inclusion of boundary conditions to 
accommodate the crack (Hasami et al. 2016). Detection took place with modal curvature 
techniques, meaning that the mode shapes were differentiated twice. This led to better 
performance of the analytical technique, but this was to be expected, due to the inherent noise 
that 3D elements introduce. In general, we have avoided using the modal curvature approach in 
our research, in light of the discussion we presented earlier from Xu et al. 2016. In that paper, 
3D elements were used as well. Liu et al. (2016) presented an approach that has a long tradition 
(Dimarogonas 1996), the development of non-linear analytical techniques, for the modeling of 
cracked beams. Their approach did not succeed in overpassing the performance of 3D 
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elements, even though it seems to be a step in the right direction.  Xiang et al. (2008) used 
wavelet-based finite elements for simulation purposes. This might seem confusing for the 
reader, due to our description of Wavelets as a mathematical signal processing technique. In 
that case, the authors have simply used wavelet waveforms as finite element approximation 
functions. This concept seems to have been developed by the writers themselves (Xiang et al., 
2006). It seems that every attempt in modeling is based upon two ideas: either 3D elements 
containing a notch, or an approximation of the crack as a rotational spring. The first is self –
explanatory, but the latter is based on what we described in our review of Dimarogonas (1996), 
in the previous section. The concept goes back to Rizos (1990). A crack is located along a beam, 
and it is assumed that the crack behaves as a rotational spring, whose stiffness is computed 
from the fracture mechanics equations we mentioned earlier in the text (eq. 1 and 2). Other 
attempts of modeling include Mehrjoo (2013) and Eroglu (2016) who both attempted to create 
a “cracked-beam” element based both on Euler-Bernoulli and on Timoshenko beam theory. It 
should be mentioned that this attempt is essentially a practical generalization of the concept of 
Rizos (1990), as it is based on the same assumption. Both reports showed the applicability of 
their concept by demonstrating the detection of fracture from natural frequencies. It is our 
understanding that the most dominant method is the usage of 3D elements. We should note 
that, techniques based on the rotational spring assumption have been proven very accurate 
when dealing with beams, but have no relevance for any other structure. Therefore, they are 
definitely worth considering when dealing with static load, beam crack detection, but it is our 
belief that when there is a turn towards more practical applications, a 3D element analysis in 
unavoidable in order to include the complexity introduced by all geometric nuances of the real 
problem.  At this point, we will take a moment to give our reader a clear understanding of the 
process of recognizing fracture, when looking at Wavelet Transform data.  
First, emphasis should be given to the type of data that is returned by the Wavelet 
Transformation of a single-dimension signal. As we showed in an earlier section, that is a 
function of two variables: dilation and translation. Therefore, a 3D graph is a way of 
representation using a Cartesian system, the axes being: WCs, scale (dilation), spatial 
coordinate (translation). In figure 2, we show the 3D graphs arising from the static, spatial 
deflection signal of a cantilever beam, for the cases of a large crack, a small one, and the case of 
a healthy beam. Using color codes, a 3D graph is also representable with the use of 2 axes, as a 
contour plot. Figure 3 makes use of the same examples as in figure 2, showing contour plots 
generated using Matlab’s Wavelet Transform Toolbox. These two methods of representation 
make clear the existence of the crack, with the display of a singularity that extends for multiple 
scales selected. It is therefore understandable that if we select a single scale, we can get a 2D 
graph that is going to display the same singularity but only at the selected scale. Last, in figure 
4, we make use of the Local Maxima graph, a type of a contour plot, that does not use color 
code of any kind, but instead, it draws a dot at each point that forms a local maximum in the 
dilation-translation plane. A crack can be detected on all plots, as a singularity in the middle 
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part of the signal (the crack was simulated to be at the middle point of the beam, for simulation 
purposes. More details on the beam model will be given in the second part of the report. 
         
 
 
 
 
 
 
   a) b) 
 
 
 
 
 
 
 
   c) 
Figure 2: 3D Graphs as WT representation, a) no crack, b) small crack, c) Large crack 
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         c) 
Figure 3: Contour plots as WT representation, a) no crack, b) small crack, c) Large crack 
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      c) 
Figure 4: Local Maxima as WT representation, a) no crack, b) small crack, c) Large crack 
 
We can clearly see the behavior of fracture on our WC plots presented above. The existence of 
crack is given away in the signal by a singularity that appears at the position of the crack. For 
the above cases, for example, we see a singularity that extends along the middle of the location 
axis, meaning that there exists a crack along the middle of the beam. The singularities appear at 
that position, because the frequency content of the signal changes, locally around the crack, 
because of the existence of the crack. In this way, some frequencies play are much higher role 
in that short part of the signal compared to their role in the rest of it, creating this phenomenon 
of a local singularity. There are always some singularities appearing in the boundaries of these 
graphs, which are due to boundary conditions that cause rapid fluctuations in the WCs. Their 
effect is dangerous for cases where there is fracture at the edges of a beam, and there are ways 
of dealing with their effects, presented later on (graph padding). Hopefully, these graphs will be 
helpful for the reader, in the attempt to recognize fracture in the examples that will follow in 
this report.  
1.6 Bridge Crack Detection Background 
Wavelet Transform has been used extensively in bridge crack detection. Before commenting on 
the wavelet applications, we will try to present a more general picture, because as it was said 
earlier, mathematical processing is necessary but not sufficient, and therefore, we should have 
good understanding of the nature of the data that engineers have been looking for, during the 
process of SHM. We will base our "preliminary" review on Doebling et al. (1996).  
Bridge condition monitoring has been a well-recognized issue, due to multiple failures occurring 
in recent years, such as the infamous Tacoma Narrows Bridge and Point Pleasant, WV (Shirole 
and Holt, 1991). At the time of the report, the author commented that the most usual mode of 
inspection is based on visual techniques that take place annually or biannually. There is danger 
of cracks or other failures developing in between inspections and the results can be 
catastrophic (Gorlov, 1984).  
For these reasons, attention turned towards modal characteristics as an inspection method. 
This gave the advantage of globalized, continuous monitoring, which is very important in bridge 
SHM. Many examples can be given about applications with modal parameters as input: Salane, 
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et al. (1981) use changes in the dynamic properties of a three-span highway bridge during a 
fatigue test as a possible means of detecting structural deterioration resulting from fatigue 
cracks in the bridge girders. Turner and Pretlove (1988) perform a numerical vibration analysis 
on a simple beam representation of a bridge subjected to random traffic loading. The authors 
state that the measured response of a bridge to traffic appears to provide a method of 
determining resonant frequencies. Law, et al. (1992) performed vibration tests on a one-fifth 
scale model of a reinforced concrete beam-slab bridge deck. Aktan, et al. (1994) assess the 
reliability of modal flexibility as an indicator of bridge condition by comparing the measured 
flexibility to the flexibility obtained using a static load truck test. It seems that there is a high 
dependency of these techniques on the environmental or random factors. Doebling comments 
on the higher potential that mode shapes have shown over the use of natural frequencies for 
detecting damage, and especially in localizing it. In terms of wavelet applications on the mode 
shape (wavelets are also applied on visual image processing techniques to detect cracks as in 
Zhang et al. (2016)) we see three basic approaches (Tao et al. 2016). Damage is detected either 
by using the moving load technique with a stationary measurement point, with moving load 
techniques where the sensor moves along with the load, or through direct application of the 
Wavelet Transform on the mode shape of the structure.  
In our report we study two of the methods that have been used for detecting damage in bridge 
structures. These are: direct application of the WT on the mode shape of a bridge (under static 
excitation), and application of the WT on the displacement signal of a single sensor, due to the 
static excitation from a moving load. The excitation from the moving load can be assumed to be 
static, ignoring inertial effects, if the load is moving very slowly on top of the bridge. As we have 
discussed in the previous sections, there are some parameters that need to be studied before 
proceeding with the research. These include the modeling techniques for the structures under 
examination, and the choices that have to be made regarding selection of proper wavelet 
functions, and selection of proper sampling intervals and padding techniques. Therefore, this 
report starts out with a parametric study of the aforementioned factors, and in the third 
section, after gathering all the necessary conclusions, there is a direct comparison of the two 
promising techniques for detection of damage in bridges.  
2. CRACK DETECTION PARAMETRIC STUDY 
2.1 FEM Models for Beam Crack Detection 
In this section we are going to present a study of different FEM models of cracked, cantilever 
beams. The natural frequencies are going to be the criterion, because there were found plenty 
of natural frequency results in the literature, and due to their simplicity as a criterion, as they 
are 1-dimensional vectors (numbers) compared to multidimensional modal shapes. The 
techniques that were employed were the following: reduced cross section beam model, beam 
elements with rotational spring elements, 3D Structural Solid elements, and tetrahedral 
elements. The selected geometry is a 20 x 20 mm rectangular cross section cantilever beam, 
800 mm long, with Young’s modulus of 180 GPa, 0.29 Poisson ratio, C30 steel beam. Density of 
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this material is given as 7860kg/m3. This is a linear, isotropic material. The damaged case 
includes two cracks: 1) 4 mm crack located 255mm from the clamped end, 2) 6 mm crack 
located 545 mm from the clamped end. The model of the beam is shown below: 
 
 
 
 Crack 1            Crack 2            Free End 
 
 
 
 
     (Not to scale) 
Figure 5: Cracked beam Model schematic 
We will examine each technique separately, in order to reach its limitations, and will then go on 
to comparing the results.  
 
2.1.1 Reduced Cross Section Method 
For this method, we used commercial software ANSYS in order to create a FE model. The beam 
was modeled with 2-node (Timoshenko) beam elements (Element 188 in ANSYS). We created 3 
different cross sections:  20 x 20 mm,   20 x 16 mm, 20 x 14 mm. The first one represents the 
healthy part of the beam, while the other two represent the reduced section due to cracking.  
The first attempt was to use 32 elements, 30 of them being healthy elements, and 2 of them 
representing the cracks. The crack elements were made shorter than the rest (1 mm long) in 
order to simulate a thin cut or a fatigue crack. Figure 6 displays the model in ANSYS software.  
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Figure 6: ANSYS representation of Reduced Cross Section Cracked Beam with 32 beam elements. 
Top is an overall view, while the bottom is a zoom in view of the cracks. 
For the next model, we increased the number of elements to 82, and finally to 802. The 802 
element model is displayed in Figure 7. We were willing to make such a high jump for the last 
step, because at that point all elements, healthy and crack beam elements, are of the same size 
(1 mm). In that way the model becomes more coherent, and it seems that the solution time 
was barely affected for such simple model. Finally, we used 8002 elements in order to make 
sure that there was convergence in the results.  
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Figure 7: Fracture close-up view of the Reduced Section model with 802 elements 
For each model we solved using the ANSYS Modal Analysis “Block Lanczos”. We solved for all 
models in order to establish convergence. In all models the size of the cracked element was the 
same (1 mm) in order to guarantee coherence in results. We present the first 4 natural 
frequencies of the beam, for the different numbers of elements, and for the healthy beam, 
which was modeled using 800 healthy elements, on Table 1.  
Table 1: Natural Frequencies for the Reduced Section Models 
 HEALTHY 
BEAM (800 
elements) 
CRACKED 
BEAM (32 
elements) 
CRACKED 
BEAM (82 
elements) 
CRACKED 
BEAM 
(802 
elements) 
CRACKED 
BEAM 
(8002 
elements) 
1st N.F. 24.146 24.133 24.131 24.131 24.131 
2nd N.F. 150.88 151.02 150.69 150.64 150.64 
3rd N.F 420.49 422.20 419.62 419.22 419.22 
4th N.F. 818.47 829.81 819.61 818.04 818.02 
  
According to the theory, the fracture is expected to cause a decrease in the natural frequencies 
of the beam. We see that when the models have few elements (32 and 82) only the first 
frequency is reduced. With 802 elements we can finally see agreement with the expected 
outcome. The approach using 8002 elements produces no significant difference, and will 
therefore be abandoned at this point. It does suggest however, that we do have convergence in 
our results, already from the 802 elements. 
2.1.2 Beam and Rotational Spring Elements 
At this point we take the approach that is suggested in Rizos (1990), which has been used many 
times in the literature, either directly, or as the basis of another FEM method (see Mehrjoo et 
al. 2013). In our approach, we will use ANSYS software once again, with 800 beam elements, 
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and 2 rotational spring elements. The important part of this approach is the calculation of the 
stiffness of the springs. Theory for calculating the stiffness is partly experimental, and therefore 
there exist a couple of different formulas in the literature. In our paper, we will use the one 
from Ostachowicz et al. (1991). 
  
    
       
           (9) 
in which   represents a non-dimensional crack-depth ratio as 
  
 
 
            (10) 
where d is the crack depth, w represents the beam width, E is the modulus of elasticity, h 
denotes the beam depth, and 
                                                                   
                       
            (11) 
For the same model as we used earlier, we have two cracks: Crack 1 (4 mm crack) gives a 
stiffness value of 2.894x105 N/m and Crack 2 (6 mm crack) we get a stiffness of 1.248x105. 
These data were input into ANSYS, again asking for the first 4 natural frequencies. Table 2 
displays the results. 
Table 2: ANSYS model with Beam Elements and Rotational Spring Model. 
 CRACKED BEAM 
(802 elements) 
1st N.F. 24.001 
2nd N.F. 148.55 
3rd N.F 408.83 
4th N.F. 818.81 
 
The data agree with our expectation for reduction in natural frequencies, compared with the 
healthy beam data from Table 1.  
2.1.3 3D Structural Solid Elements for Cracked Beam Modeling 
At this point we tested the use of 3D Structural Solid elements (El. #65 in ANSYS). Using ANSYS 
software we modeled the cracked beam, as in the previous cases, this time using triangular cuts 
for modeling the cracks. Again, we varied the number of elements used from 200, to 1000, to 
5000, 10,000, and 40,000 elements, in order to test for convergence of the results. Figure 8 
displays the model of the beam with 5000 elements. One word of caution here is that when 
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using such fine meshing, computation time will go significantly higher. For the purposes of this 
research, which is an examination of the applicability of the WT technique, computational time 
is not an important factor, since our cause is only to examine if the mathematical application is 
well supported. If modeling had to be used consistently, for the purposes of a priori knowledge 
damage detection, as an example, then the computational costs would play a significant role. 
Table 3 presents the results from solving the model using Modal Analysis.   
 
 
 
 
 
 
 
 
 
 
 
Figure 8: Model of the Cracked Beam using 5000 3D Structural Solid Elements. The two cracks 
are modeled as triangular cuts, on the top surface of the beam. 
Table 3: 3D Structural Solid Elements used for Solving for the Natural Frequencies of a Beam 
 CRACKED 
BEAM (200 
elements) 
CRACKED 
BEAM 
(1000 
elements) 
CRACKED 
BEAM 
(5000 
elements) 
CRACKED 
BEAM 
(10000 
elements) 
CRACKED 
BEAM 
(40000 
elements) 
1st N.F. 41.033 28.912 27.616 25.961 24.669 
2nd N.F. 245.39 178.93 171.09 159.66 152.97 
3rd N.F 687.43 501.31 470.57 440.84 421.79 
4th N.F. 1406.2 991.12 934.39 875.35 836.96 
 
The results using this structural element were not satisfying. We see that the coarse meshing 
suggests very bad results. With finer meshing we seem to approach somewhere close to the 
expected results, but at 40000 elements we are still off our prediction of a lower natural 
frequency compared to the healthy beam. We tried to use even finer meshing (100,000 
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elements) but still the results did not reach this goal. Therefore we just present these findings, 
as a word of caution for the researcher. This element is more appropriate for concrete 
applications, according to commercial information found in ANSYS Help, but because concrete 
is indeed a material of interest for crack detection (for example it is widely used in civil 
engineering structures), we choose to include these results in our report, as an example of the 
care that should be taken in Finite Element models, for crack detection purposes.  
2.1.4 Tetrahedral Elements for Cracked Beam Modeling 
In this section we will repeat the procedure we followed for 3D Structural Solid elements, this 
time using Tetrahedral elements. There is possibility for confusion at this point, so we will 
clarify, that in both cases the element is tetrahedral in structure. The difference with what we 
call “Tetrahedral” element (El. #187 in ANSYS) is that the “Tetrahedral” element contains 
plasticity, hyperelasticity, creep, stress stiffening, large deflection, and large strain capabilities. 
ANSYS itself recommends its use over Structural Solid elements, but the Structural Solid ones 
have been used extensively in research (Hu et al. 2013) as an example. The meshing will be of 
the same detail as in the 3D Structural Solid elements, in order to get some coherence in the 
results for the purposes of comparison. Figure 9 demonstrates the 5000 element model with 
these elements, while table 4 includes the modal results from the new models. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 9: Model of the Cracked Beam using 5000 3D Tetrahedral Elements, the overall model 
(top) and the close up of a crack (bottom) 
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Table 4: Tetrahedral Elements used for Solving for the Natural Frequencies of a Beam 
 CRACKED 
BEAM (200 
elements) 
CRACKED 
BEAM 
(1000 
elements) 
CRACKED 
BEAM 
(5000 
elements) 
CRACKED 
BEAM 
(10000 
elements) 
CRACKED 
BEAM 
(40000 
elements) 
1st N.F. 24.172 24.068 24.043 24.035 24.024 
2nd N.F. 150.75 149.34 148.98 148.92 148.78 
3rd N.F 419.50 412.04 410.16 409.82 409.11 
4th N.F. 829.72 818.16 816.06 815.90 815.60 
 
These results are in very good agreement with our predictions. Seemingly the researcher must 
be careful with meshing, because we can see that the coarse mesh can become very 
misleading, in case of fracture. The local effect that the crack produces needs fine mesh in 
order to be correctly translated to the global measurements, such as a natural frequencies or 
mode shapes. Again, we should comment that even though the fine meshing causes a rise in 
computational cost, this not too great (for our model it took about 30 seconds to be solved), 
and more importantly, our models are only reflecting our research needs and are not expected 
to become part of an ordinary procedure for crack detection.  
2.1.5 FEM Conclusions 
First and foremost, we will gather the best results that each method produced, in order to 
make some comments. Table 5 shows all the results, as well as the exact solution for our beam 
model.  
Table 5: Summary of results for the solutions of healthy and cracked beams. 
 
HEALTHY 
BEAM 
(Euler-
Bernoulli 
theory) 
HEALTHY 
BEAM 
(TIMOSHENKO 
BEAM 
ELEMENTS) 
CRACKED 
BEAM 
(REDUCED 
SECTION) 
CRACKED 
BEAM 
(ROTATIONAL 
SPRING) 
CRACKED 
BEAM 
(SOLID65) 
CRACKED BEAM 
(TETRAHEDRAL) 
1st 
N.F. 
24.155 24.146 24.131 24.001 24.669 24.024 
2ndN.F. 151.388 150.88 150.64 148.55 152.97 148.78 
3rd N.F 423.933 420.49 419.22 408.83 421.79 409.11 
4th 
N.F. 
820.12 818.47 818.02 818.81 836.96 815.60 
 
Table 6 includes some of the results that were found in the literature for this beam model. The 
initial experiment was performed by Surace and Ruotolo (1997). 
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Table 6: Summary of results from literature for the solutions of healthy and cracked beams. 
 
HEALTHY 
BEAM 
(Surace et 
al. 
experiment) 
CRACKED 
BEAM (Surace 
et al. 
experiment) 
CRACKED 
BEAM 
(Mehrjoo 
et al. 
FEM) 
CRACKED 
BEAM 
(Eroglu et al. 
FEM) 
1st 
N.F. 
24.175 24.044 23.962 24.045 
2ndN.F. 152.103 149.268 148.660 148.759 
3rd N.F 424.455 409.287 412.464 409.091 
4th 
N.F. 
824.809 818.150 - 818.834 
At this point some comments are due. First of all, we can tell that all the methods that we 
evaluated were good in the sense of grapping the important aspect of reduction in natural 
frequencies, when the beam is cracked. Only the ANSYS structural elements failed to 
accomplish this, and this is why they will not be taken into account anymore, as we have 
already commented on their failure.  
It is probably also fair to disqualify the method of Reduced Cross Section beam elements. That 
method is very intuitive as an approach, but the results, especially in the first natural frequency, 
disagree with experiment data, and all the other FEM methods presented here (including the 
ones from literature). The issue with this technique, seems to be its inability to capture the local 
stress concentrations at the crack tip. The crack tip is seemingly responsible for introducing the 
SIFs (Dimarogonas 1996), that cause the rotational spring behavior.  
The model that makes direct use of the rotational spring behavior must be deemed as a great 
success. It is extremely simple as it does not require fine meshing. As we commented above, it 
can also be implemented in analytical methods for solution. Since it has been found better as a 
candidate for crack detection using mode shapes (Hasami et al. 2016). For this reason, we are 
going to conduct some parametric studies using this approach.  
The tetrahedral element technique seems to be very reliable as well. The results are in great 
accordance to the ones from literature. Its higher computation time and preparation time (for 
modelling the geometry) should not be alarming, because the results are to be used for 
parametric studies and for the general understanding of the problem parameters.  
We will therefore attempt to hold on to these two methods for our investigation. We would 
also like to remind our reader, that even though the rotational spring assumption might a very 
useful tool for studying beam models, when we are dealing with more complex structures, 
tetrahedral elements might practically remain to be our only weapon for approaching the 
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problem. An ANSYS procedure for implementing tetrahedral element modeling can be found in 
Appendix A.  
 
2.2 Wavelet Transform Parametric study 
At this point we are going to start using Wavelet Transform of the mode shape (or static spatial 
deformation signal) in order to detect the damage location. We are not going to attempt to 
solve for the size of fracture, since multiple methods are developing in that field, and they all 
depend on the ability to locate the damage using the Wavelet Transformed signal, through the 
appearance of a peak. We are first going to use static solutions, using the method developed by 
Andreaus et al. (2016). Then we are going to use 3D tetrahedral element modeling in order to 
verify some of results and examine the effect of the modelling method on the solution of the 
problem.  
We will set forth the following parameters that need to be examined, for a robust algorithm to 
be developed: 
 Mother Wavelet Selection 
 Spatial Sampling Requirements 
 Noise sensitivity 
 Graph Padding 
 Wavelet Scale 
 
We are going to construct some simulations that change one parameter and hold the rest 
constant. Only the last parameter, Wavelet Scale, will not be separately addressed, but instead 
we are going to use 3D Graphs in order to get an overall understanding of how specific scales 
can be more helpful for detecting damage.  
Graph padding has been found very useful in Wavelet Transform detection techniques 
(Montanari et al. 2016). It is essentially an extension of the signal, at its boundaries, because 
Wavelet Coefficients tend to create spikes at the ends of the signal, due to the rapid change 
from the signal to the “zeros” that signify the end of it. 
 
2.2.1 Crack Detection from Static Load on a Beam using Rotational Spring Assumption 
The main concept of the theoretical background of this problem is presented in Andreaus et al. 
(2016). The author successfully used this model to detect damage from static deflection of 
industrial beams, using a commercial camera to capture the image.  
The equations produced by the author come from the solution of Euler-Bernoulli equation, with 
the introduction of rotational spring boundary conditions at the crack location. Boundary 
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conditions on the ends are of a horizontal slider and a vertical slider respectively for the two 
ends. The equations used are displayed below. The model schematic is on Figure 10. 
 
     
           
     
   
    
               
           
            
     
       
    
                         
       
           (12)  
where z is the axial coordinate variable of the beam, F is the vertical force applied on the 
vertical slider position, B= EI (Young’s modulus times the moment of inertia),  
   
  
 
    
  
 
          (13) 
 
Where z1 is the location of the crack on the axial coordinate of the beam, and k1 is the spring 
stiffness as calculated by equation (10) described earlier.  
 
            Horizontal Slider Crack     Vertical Slider  
 
 
 
 
Figure 10: Beam on sliders, model schematic 
For the solution of the problem we are using Matlab Wavelet Toolbox. The Matlab code can be 
found in Appendix B. In our example we are going to use the same beam as we did in the earlier 
section, this time including only one crack in the middle of the beam. We are going to be 
changing the size of the crack in order to be able to quantify the success of each method. At 
first we begin with an attempt to find some suitable Mother Wavelet function for our analysis. 
We will be including no noise, and no padding of the graphs (that is why the crack is selected to 
be in the middle). Spatial sampling will be tried as dense with 800 sampling points, and as rare 
with 200 sampling points. 3 crack sizes will be examined (50%, 20%, 5%) of the beam height. 
Figures 11-22 are examining three of the most widely used wavelets in the literature, Gaussian, 
Coiflet, and Symlet, also taking a look at their vanishing moments (testing from 2 to 5 vanishing 
moments for each wavelet). In the 3D graphs that we are presenting, the z axis (height) is the 
WCs’ value, the y axis (depth) is the scale, and the x axis (width) is the position along the beam’s 
axis. 
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   e)      f) 
Figure 11: Gaussian 2 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 
20% crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% 
crack, Rare sampling 
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   e)      f) 
Figure 12: Gaussian 3 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 
20% crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% 
crack, Rare sampling 
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   a)         b) 
        
 
 
 
 
 
 
   c)      d) 
         
 
 
 
 
 
 
   e)      f) 
Figure 13: Gaussian 4 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 
20% crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% 
crack, Rare sampling 
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   a)         b) 
        
 
 
 
 
 
 
   c)      d) 
      f)  
 
 
 
 
 
 
   e)      f) 
Figure 14: Gaussian 5 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 
20% crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% 
crack, Rare sampling 
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   a)          b) 
         
 
 
 
 
 
 
   c)      d) 
         
 
 
 
 
 
 
   e)      f) 
 
Figure 15: Symlet 2 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 20% 
crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% crack, 
Rare sampling 
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   a)      b) 
         
 
 
 
 
 
 
   c)      d) 
        
 
 
 
 
 
 
   e)      f) 
Figure 16: Symlet 3 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 20% 
crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% crack, 
Rare sampling 
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   a)      b) 
         
 
 
 
 
 
 
   c)      d) 
        
 
 
 
 
 
 
   e)      f) 
Figure 17: Symlet 4 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 20% 
crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% crack, 
Rare sampling 
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   a)      b) 
        
 
 
 
 
 
  
   c)      d) 
        
 
 
 
 
 
 
   e)      f) 
Figure 18: Symlet 5 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 20% 
crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% crack, 
Rare sampling 
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   a)         b) 
         
 
 
 
 
 
 
   c)      d) 
        
 
 
 
 
 
 
   e)      f) 
Figure 19: Coiflet 2 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 20% 
crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% crack, 
Rare sampling 
40 
 
           
 
 
 
 
 
 
   a)      b) 
        
 
 
 
 
 
 
   c)       d) 
         
 
 
 
 
 
 
   e)      f) 
Figure 20: Coiflet 3 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 20% 
crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% crack, 
Rare sampling 
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   a)      b) 
        
 
 
 
 
 
 
   c)      d) 
         
 
 
 
 
 
 
   e)      f) 
Figure 21: Coiflet 4 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 20% 
crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% crack, 
Rare sampling 
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   a)      b) 
         
 
 
 
 
 
 
   c)      d) 
         
 
 
 
 
 
 
   e)      f) 
Figure 22: Coiflet 5 Wavelet: a) 50% crack, Dense sampling, b) 50% crack, Rare sampling, c) 20% 
crack, Dense sampling, d) 20% crack, Rare sampling, e) 5% crack, Dense sampling, f) 50% crack, 
Rare sampling 
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Comments about the Mother Wavelet investigation are in order at this point. The Gaussian 
Wavelet seems to perform well for the detection, preferably with higher vanishing moments. 
Gaussian 2 for example seems to be heavily affected by the boundary conditions, creating a 
slope upon which the damage singularity will be found. This makes detection hard, as the 
pictures suggest.  
All wavelets seem to perform very similarly in the rare sampling case and in the dense one. 
Although that depends on the noise, which we have not included here, it should be mentioned 
that this is an important fact for these Wavelets and their consistency. Only in the case of 
minimal damage, there seems to be some higher difficulty in the detection when the sample’s 
frequency decreases.  
The Symlet wavelet displays some very desirable characteristics. For all vanishing moments, we 
see that the wavelet coefficients are not heavily affected by the boundary conditions, and 
display a flat surface, upon which cracking will cause some singularities. As was mentioned in 
Douka et al. (2003) we can see clearly that the coefficients show a linear increase in magnitude 
with the increase in scale, at the crack position. This is helpful for separating cracked 
singularities from noise singularities. The Coiflet wavelet seems to cause some irregular shapes 
around the crack location, and that is why it is not preferred.  
Perhaps the most important object for conclusion is not yet visible to the reader. The 3D 
graphs, which have been used extensively in research, are showing that for small damage, there 
is pretty much no detection for most wavelets. That seems to be true, but there is actually a 
different way to quickly examine the data and get to the detection of the crack, even in these 
cases. With the use of a contour plot of Local Maxima, we can see a clear pattern of peaks at 
the position of the crack, as shown in Figure 23. This raises a very important point, the one of 
“reading” the wavelets. This is why it is tempting to use machine learning techniques along with 
the wavelets, in order to be able to tell that there is a crack. If it is the engineer who needs to 
determine the damage by looking at wavelet plots, then he will need to look at a range of plots.  
From Figure 23, we can see how great of a difference there can be between these two methods 
Last but not least, we can see that vanishing moments play a crucial role in the detection 
process. Wavelets seemed to all perform better with 3 or 4 vanishing moments, indicating that 
it is the problem geometry that dictates the number of vanishing moments required, or maybe 
the noise content (0 in this case). This can be understood in view of the discussion we 
presented in the introduction about the vanishing moments. What is interesting about 
vanishing moments, is that only in the case of an even number (2 or 4) we get vertical WCs 
peaks. Otherwise we get “wave-like” peaks that seem to be diagonal and symmetrical to each 
other. For example compare the peaks shown in 17 (a) and 18 (a). It seems to be a pattern, that 
different  
At this point we will declare the Symlet wavelet as the “winner”, for detecting damage on a 
beam structure, even though some more rigorous mathematical research could be used in 
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order to make the results more convincing. We are unaware of such mathematical correlations 
between mother wavelet and structure geometry in the literature.  
 
 
 
 
   
      a) 
 
 
 
 
 
      b) 
Figure 23: a) Local Maxima of Symlet 4 for rare sampling and small (5%) damage, b) contour 
plot of WCs magnitude 
 
2.2.2 Sampling Effects 
For the study of the effects of sampling we are going to make use of the Symlet wavelet at 4 
vanishing moments. As we saw in the previous section, it is useful to look at the contour plot, 
but the graph of local maxima of the WCs seems to be more robust for the detection of a crack. 
We have created 4 different cases of sampling, 50 samples, 200 samples, 400 samples and 800 
samples. We will test the effect that noise has on the sampling requirements, by employing 3 
noise levels: no noise, 100 dB signal-to-noise ratio, 70 dB signal-to-noise ratio. For noise 
introduction we used Matlab “awgn” command. The crack is going to be in the middle of the 
beam, at 20% of the beam’s breadth.  
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       c) 
 
 
 
 
 
       d) 
 
Figure 24:  No noise, a) 800 samples, b)400 samples, c)200 samples, d)50 samples 
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       c) 
 
 
 
 
 
       d) 
Figure 25:  100 dB signal-to-noise, a) 800 samples, b)400 samples, c)200 samples, d)50 samples 
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       b) 
 
 
 
 
 
 
       c) 
 
 
 
 
 
       d) 
Figure 26:  70 dB signal-to-noise, a) 800 samples, b)400 samples, c)200 samples, d)50 samples 
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There are some comments that must be done in this section. First, we see that when without 
the existence of noise, the detection is always possible, even with low density of sampling. 
What becomes different is the scales at which damage can be located. It seems that low 
sampling densities will cause the high scale coefficients, the ones corresponding to low 
frequencies, to assume a uniform shape, making detection impossible. 
 It can be argued that damage cannot be detected already at 100 dB noise. What is interesting 
is that this is again wrong, for the same reason it was wrong in the previous section. If we look 
at the 3D graph corresponding to figure 24, case (a), we will see that damage can be detected, 
this time looking at the 3D graph. This further complicates the situation for the engineer, 
showing the need for robust computer algorithms to process the wavelet results in order to 
avoid the situation of “looking at the wrong kind of graph”. Figure 27 displays this graph.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 27: 3D graph corresponding to figure 24, case (a) 
 
We can see that the damage is clearly depicted in the WCs, even if it requires intense zooming. 
Noise causes multiple peaks and therefore renders Local Maxima plots less efficient. 
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It is important to note that for the cases with noise, it was impossible to detect the damage 
with 200 or less samples, even when looking at the 3D graphs. That shows that sampling 
density can have an effect, at the existence of noise, as was noted in (Montanari et al. 2016). 
2.2.3 Graph Padding 
We have not yet touched upon the possibilities that padding can offer. We will test a few types 
of padding that are offered in Matlab. We will use moderate noise and the Symlet 4 wavelet. 
On figure 27 we display the original displacement signal and the different ways to pad it, using 
the “wextend” command in Matlab. Figure 28 displays the displacement graphs, showing only 
the range of the actual signal (cutting the padded part out). 
           
 
 
 
 
  a)    b)        c) 
          
 
 
 
 
  d)    e)        f) 
     
 
 
 
 
  g)    h) 
Figure 28: a) Original signal, b) Smooth extension of order 1, c) Smooth extension of order 0, d) 
Symmetric-padding (half-point): boundary value symmetric replication, e) Symmetric-padding 
(whole-point): boundary value symmetric replication, f) Antisymmetric-padding (half-point): 
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boundary value antisymmetric replication, g) Antisymmetric-padding (whole-point): boundary 
value antisymmetric replication, h) Periodized extension 
 
From Figure 28, we can see that in reality only cases b and c seem to make some sense in 
smoothing out the signal. Other techniques will have an adversary effect, since they cause 
steep change in the signal. 
   
 
 
 
 
 
 
   a)       c) 
         
 
 
 
 
 
 
   b)       d) 
Figure 29: WCs for a) smooth extension of order 0, 100dB, b) smooth extension of order 1, 100 
dB, c) smooth extension of order 0, 70dB, d) smooth extension of order 1, 70dB 
 
 
Figure 29 is an excellent proof of the power of padding, or even of its necessity. As can be seen 
from Figure 28, each padding scheme was limited to how much it can improve the situation, at 
least on one part of the signal. Order 1 padding did prove more powerful in this situation, as it 
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worked great even at very noisy conditions. The crack chosen for this application was 20% of 
the width of the beam, which can be considered moderate. Figure 30 displays the power of this 
technique, by detecting a crack of this size near the edge of the beam (at the left-most edge).  
 
 
 
 
 
 
 
 
 
 
 
 
Figure 30: Crack Detection near the edge of the beam, Smooth Padding of order 1, 100 dB 
signal-to-noise-ratio, 20% of the width crack 
 
At this point we can put an end to our investigation of the parameters of Wavelet Detection on 
Beams. Some of the conclusions will be brought forward once again in the final section of this 
paper.  
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3. RESEARCH APPLICATION: BRIDGE CRACK DETECTION USING WAVELETS 
In this section we will try to display some of the concepts and understanding that we have 
developed, in order to examine the possibilities of wavelet crack detection on bridges. As we 
have already discussed in the introduction, there seem to be three main methods for such 
detection: direct WT of mode shape, moving load with fixed sensor, moving load with the 
sensor moving with the load. That being said, we will try to demonstrate the importance of 
some parameters of the problem in hand. Particularly, we would like to show the effects of: 
 Boundary conditions 
 Method of detection 
 Data Type (Displacement, Stress, Strain) 
 
It is interesting to note that moving-load techniques can be either taking advantage of static 
response at different load positions along the beam, or at the dynamic response, measured 
either at a fixed sensor or from the moving vehicle itself. We have already commented on the 
use of static signals, and our approach is going to focus on those, because the analysis is 
simplified mathematically and therefore, better conclusions can be drawn for WT usage (for 
example, effect of velocity is ignored). Nguyen et al. (2010) performed a parametric study that 
found that even in the case of dynamic considerations, low speeds are preferable for detection, 
therefore, justifying our approach for using static signals. Beam models are used throughout 
bridge modeling (Sun et al. 2016), and will therefore be the main focus of this paper as well. 
Concrete and structural steel materials are going to be tested as they are the most used ones in 
the construction of bridges.  
 
3.1 Bridge Modeling 
It is important to recognize the need for correct boundary conditions. Incorrect boundary 
conditions are those that do not reflect the real behavior of a bridge. Some comments on that 
can be found on Spyrakos et al. (1990). In that report the authors made use of C channel, simply 
supported beams, in order to simulate a bridge. As a starting point, we will present a beam 
model with a rectangular section, modelled using tetrahedral elements in ANSYS Workbench 
commercial software. The model is depicted on figure 31. Some refinement has been used at 
the crack area, in order to establish a better evaluation of the effects of stress concentration at 
the crack tip. The crack is of medium size, 30% of the beam. The beam is made of structural 
steel, and is of the dimensions that we have used for our earlier demonstrations.  
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Figure 31: ANSYS model of a rectangular section beam, Element edge size at 0.01 m 
 
Our first attempt is to solve the problem by applying a load in the central position of the beam, 
while keeping simple supports at the ends. That means that only the bottom edge of each 
boundary cross section is completely restricted from moving. Figure 32 presents the results of 
this analysis. The results show there is clear detection of the crack even at high noise 
conditions. Figure 29 shows the same problem geometry results, for a decreased sampling. 
Indeed, one of the main factors when looking at the detection for bridges is the availability of 
sensors, therefore down-sampling should always be considered. Figure 33 shows clear 
detection for the case of moderate noise, and high noise conditions. Figure 34 reduces the 
sampling to 20 samples. Note that the lower the sampling, the lower the engineer needs to look 
for damage information on the scale axis. This fact was shown on the previous section and 
made use of here.  
 
 
 
 
 
 
 
 
 
54 
 
 
a) 
 
 
b) 
 
c) 
Figure 32: Simple supports, 200 sensors: a) Beam under excitation force at its center, b) Static 
Deflection Signal, c) WCs 3D graph, using Matlab smooth padding of order 1, Sym4 wavelet, 70 
dB noise (high noise conditions) 
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a) 
 
b) 
Figure 33: Crack Detection for 50 samples, WCs 3D graph, a) 100 dB noise, b) 70 dB noise 
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a) 
 
b) 
 
Figure 34: High Noise (70 dB) detection for 20 samples, a) Sym4, b) Sym5 
 
In figure 34 we can see that there is barely any detection of the crack; maybe a case can be 
made that (b) detects the damage. What we would like to argue for, would be the potential for 
using two or 3 different vanishing moments of the same wavelet, in order to establish a 
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common peak in the WCs. As we showed in our parametric study, successive vanishing 
moments seem to display some common characteristics. We did determine the existence of a 
symmetrical “wave-like” structure that the crack peaks assume, when the vanishing moments 
are odd numbers. In figure 30 (b), we see some mimicking of this effect at the high scales of the 
graph, where the peak seems to split into two. Of course, this is an extreme case of low 
sampling and high noise, making conditions tough for detection. Next we used different 
boundary conditions on the beam, this time restricting the entire cross sections of the edges to 
be completely fixed. Figure 35 displays some of the results. 
      
 
 
 
 
 
 
 
    a)       b) 
Figure 35: Completely restricted cross section (very strong support case), 70 dB noise, 200 
samples, a) WCs 3D graph, b) Static Deflection 
 
Compared to figure 32 (b), (c), this picture shows a pretty much identical detection case for 
both boundary conditions. Only the static deflection shape seems to differ, slightly, close to the 
boundaries. This is not affecting our detection capabilities (even for smaller sampling cases) but 
it is important to note this difference because it could potentially reduce our capability to 
detect damage close to the edge, due to the strong mathematical effect that the support has 
on the response close to it.  
We attempted to use a different model in order to simulate the bridge, as shown in Figure 32. 
We fixed the ground supports, assuming 0 ground motion. This is another assumption that the 
engineer should be able to make. The results from using the static profile are shown, this time 
using the contour and local maxima plots in order to show damage. The model is structural 
steel, 30m long, 0.5m high, 1m wide. 
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a) 
 
 
 
 
b) 
 
 
 
 
c) 
Figure 36: Bridge-shaped beam for modelling, a) FEM model, b) contour plot damage detection 
with 100 samples, 100 dB noise, c) Local Maxima plot, 100 samples, 70 dB 
 
Our main point for investigation is to establish the efficiency of this technique, in the existence 
of more bridge supports. It should be reminded that most bridge structure have multiple 
supports throughout their long axis. A picture of a long, cable-stayed bridge is shown on figure 
37 for illustration. 
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Figure 37: Rio-Antirio cable stayed bridge, Greece, photograph from 
http://www.gefyra.gr/images/user/Publications/s7.pdf 
 
A common way to model such bridge structures is to use a planar system, where the columns 
that act as supports, as well as the bridge deck, are modeled as beam elements. The cables are 
usually modeled as bar elements (truss elements) with their stiffness calculated from their 
material properties and the catenary effect due to their positioning (Au et. al 2001). In our 
report we will extend our research to the effects of the beam supports only, neglecting the bar 
elements. In this way, we are still accurately representing bridges with multiple supports, but 
with no cables. At this point, we will combine this understanding with our results from section 
2, where we saw that 3D tetrahedral elements are an excellent candidate for simulating 
damage in beam structures. This extension of the standard technique is done for two reasons: 
include the effects of the third dimension in the analysis, and making use of the more 
generalized technique for modeling. The latter simply refers to the fact that many engineering 
structures cannot be modeled with beam elements, while they can be modeled with 
tetrahedral ones, and thus it seems to be a good practice to use this “unifying” approach. 
On figure 38 we present our model, with one support in the middle of the beam, and our 
solution using wavelets. In Figure 39 we went on to add another support, going to 4 in total. 
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a) 
 
 
 
 
 
b) 
 
 
 
 
 
c) 
Figure 38: Bridge-shaped beam for modelling with an extra support, a) FEM model, b) Local 
Maxima plot, 100 samples, 100 dB, for acting on the side of the crack, c) Local Maxima plot, 100 
samples, 100 dB, for acting on the wrong side 
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a) 
 
 
 
 
 
b) 
 
 
 
 
 
            c) 
 
Figure 39: Bridge-shaped beam for modelling with two extra supports, b) Local Maxima plot, 
100 samples, 100 dB, for acting on the side of the crack, c) Local Maxima plot, 100 samples, 100 
dB, for acting on the wrong side (most far away from the crack) 
 
Figures 38 and 39 are very useful for our understanding of the parameters of the problem. It 
can be seen that damage can still be detected as long as the force is applied to the same part of 
the bridge where the damage lies. That means that all cases must be examined separately. In 
fact, a useful note is that the contour plots might be very helpful for determining damage, in 
conjunction with the local maxima plots. Even in cases where the damage is not applied on the 
correct side, it might be possible to use the contour plots as suggestive evidence. The great 
problem here, is the possibility of false alarms. It seems in 39 (b) and (c) that there are some 
peaks accumulating in the middle of the graph, where there was no support nor a force being 
62 
 
applied. Although the issue could be investigated further, it seems that the long section of the 
bridge that goes unsupported might be showing some signs of different fundamental frequency 
components compared to the other sections. On the positive side, there seems to be some way 
to differentiate the crack from sections of this kind, by looking at the scales where maxima 
occur.  
 
3.2 Methods for Crack Detection 
For the two cases, Figures 40, 41, we will test the detection capabilities using a moving force, 
with a static analysis and a fixed sensor. In this study we used a load of 5kN moving at 160 
positions overall, on top of the bridge (every half a meter). We kept the boundaries identical to 
the previous cases for comparison. For the first case, with no support in the middle, we show 
our results in Figure 40. The second case, includes a support in the middle of the structure, 
depicted at Figure 41.  
  
 
 
 
      a) 
 
 
 
 
 
      b) 
  
 
 
 
      c) 
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      d)  
  
 
 
 
      e) 
 
 
 
 
      f) 
    
 
 
 
      g) 
   
 
 
 
      h) 
Figure 40: a) Sym4, Local Maxima Plot for Moving Load technique, with the sensor at the mid-
point, b) contour plot of WCs for case a, c) Sym2, Local Maxima Plot for Moving Load technique, 
with the sensor at the mid-point, d) contour plot of WCs for case c, e) Sym4, Local Maxima Plot 
for Moving Load technique, with the sensor at the side far from the crack, f) contour plot of WCs 
for case e, g) Sym2, Local Maxima Plot for Moving Load technique, with the sensor at the side 
far from the crack, h) contour plot of WCs for case g 
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We can clearly see the detection possibilities using this approach. The reason we included the 
use of Symlet2 wavelet, is to show that the frequency impact that the positioning of the sensor 
has (the mid-point in the first cases, and far right in the latter), can be removed from the plot by 
the change of vanishing moments. This is another reminder that looking at multiple vanishing 
moments can be of great advantage. This was not present in the approach from Umesha et al. 
(2009).  Other than that, we can see that the position of the sensor further away from the point 
of interest can cause an increase in the peaks observed around the crack. This should not be 
overestimated, as a smaller resolution can easily have an impact on the accuracy of the WCs at 
those intermediate scales (as we have noted in the parametric studies earlier).  
  
 
 
 
 
             a) 
 
 
 
 
 
             b) 
Figure 41: Intermediate Support added, Sym4, a) sensor at the same side as the crack, b) sensor 
at the opposite side (after the support) 
 
We can see that the existence of a support in between can hamper the applicability of this 
method. In case (a) of the sensor being correctly positioned on the same side as the crack, 
there is some form of detection that can be also backed up by the 3D graph information. In case 
(b), there is no way to detect the damage.  
Finally, in figure 42, we display the effect of using the point of damage as the sensor. It shows, 
as was shown by Umesha et al. (2009) that damage cannot be detected, because there is one 
spike at the position where the force acts, which can cause misunderstanding about the 
potential presence of a crack, or in the case there is an attempt to quantify it, there would be 
severe misjudgment. For this reason, it is necessary to use at least two measurement sensors, 
something that would have to be done anyway, in the case of multiple supports.  
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Figure 42: Local Maxima, Sym4, Crack and sensor on sampling point 60 
 
3.3 Data Types for Detection of Cracks on Bridges 
This section will be a review of two additional data types that can be considered in the bridge 
crack detection process. These will be the stress and the strain, which can be measured with 
accelerometers or piezoelectric sensors. The following figures will present some cases for these 
data types, in the same structures where we have used static deflection as a response signal.  
  
 
 
 
 
       a) 
  
 
 
 
 
       b) 
Figure 43: Equivalent Stress Detection for a bridge with 3 supports, a) force applied close to 
crack, b) force applied beyond the support 
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       a) 
  
 
 
 
 
       b) 
Figure 44: Equivalent Stress Detection for a bridge with 3 supports, a) force applied close to 
crack, b) force applied beyond the support 
 
We note that the stress data do not seem applicable for detection, while strain contains some 
information for the location. We should remember that in the figures, the mid-point contains 
peaks, due to the existence of a support. The strain data seem to not have managed to detect 
the crack when the excitation is applied on the side far from the crack, but damage could be 
detected from the contour plot of WCs. Again, we recall the need that we have established, to 
look at both 3D graphs (or contour plots) and Local Maxima.   
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4. DISCUSSION AND FUTURE WORK 
In this section we will repeat some of the important conclusions that we have reached, and 
present our opinions about the future of this field.  
We discussed the possibilities offered by different modelling methods. In our approach, we first 
attempted to use four different techniques to model the cracked beam structure. Modelling is 
the first step of crack detection research, and some parametric studies should always be 
performed. Our results showed the excellent possibilities offered by the fracture mechanics 
approach from Rizos (1990) for modelling a beam. From the different techniques that we 
examined, tetrahedral elements (SOLID 186 in ANSYS software) were found to be performing 
very well. We used natural frequencies as a criterion, because of their good combination of 
local and global characteristics, in order to get an objective look at the different approaches’ 
performance.  
The next step in the research process is some form of parametric study around the sensitivity of 
the WT technique. Our results showed that the Symlet4 wavelet performed better, but the 
Gaussian and Coiflet wavelets were not far off, and they have been chosen by other researchers 
in that past. This is a good reason on its own for us to perform a parametric study in order to 
choose a wavelet. The sampling effects combined with the noise effects seem to be more or 
less universal in nature. The wavelet technique showed its excellent robustness to noise, 
especially when there was sufficient sampling frequency. Only when both these cases where 
adverse, there were problems in detecting damage. Our study brought forth two main results 
that have not been commented upon in the literature. The use of multiple vanishing moments 
can bring an advantage, if there is understanding of the patterns that come with interchanging 
vanishing moments. Our case showed a trend in the shape of the WCs peaks due to cracking, 
that was correlated with even or odd vanishing moments. In the case of moving loads, in bridge 
detection, we saw the different vanishing moments cooperating together, in order to show the 
position of the crack, disregarding the acting force. The second important result was the 
definition of the need for a system of examining the WCs. We saw that in some cases 3D graphs 
where better indicators than Local Maxima graphs, and vice-versa. This shows that the 
implementation of machine learning in this field (with WCs as inputs) can solve the problem of 
human interpretation of wavelets themselves. Otherwise, time needs to spend by the engineer, 
first for getting experience, and then for monitoring the equipment continually. 
In our undertaking of the bridge SHM, we have seen the excellent prospects the mode shapes 
for detecting the damage. The excellent applicability of this technique can be seen by the fact 
that even with increased number of supports, in between the ends of the bridge, the WCs 
showed a moderate damage location. The more economical method that makes use of a 
moving load, showed to be struggling in the case of in-between supports, especially for small 
crack sizes. It can still be made use of, but multiple measurement points should be considered, 
while many iterations are needed for a dense sample. Our research could not predict the 
environmental effects that can take place during the process of collecting the samples (each 
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force is applied at a different time step while the load moves to each position), but based on 
the WT’s good handling of noise, this should not be a great issue, if paid attention to. We 
should point out, that it is very important for a detection algorithm to detect cracks when they 
are small, in order to offer more time for safe and inexpensive reparation of the bridge. 
Therefore, we will definitely recommend the use of mode shape signals as a significantly more 
accurate method, and we hope that more economical techniques for data collection will 
become apparent in the next few years (cheaper sensors). We already mentioned the use of 
commercial cameras for detecting damage in a structural beam, and we hope something as 
inexpensive as that could find use in the bridge detection. Last, we saw that effective strain 
data could also be used in this attempt, showing good properties even when there is a support 
in between the force and the crack. That is a positive fact, as it increases the possible sensors 
that can be made use of in detection. An extra step that should be taken in this research, is to 
include some bar elements in the modeling, in order to simulate cables, as in cable stayed 
bridge structures. This might suggest some further limitations in the algorithms that we used, 
given the cables’ mathematical influence on the response signals.  
The great challenges in this field should be listed in the following way. First, there is a great 
challenge in methods for collecting affordable mode shape data. Second, excessive attempts 
must be made into the modelling of different structures, in order for data to be collected, and 
understanding of the Wavelet Transform be applied in different geometries and operating 
conditions. The fact that a priori knowledge detection is not ideal is another reason for such 
research to be made, in order for computer systems to be able to understand the 
“mathematical” causes of damage itself, as they apply to many structures. Last, more 
advancements could be made with more innovative decisions around data input. Mode shapes 
should not be the only sources of damage. Each case can be taken separately for the engineers 
to find the correct, easily obtained data input. As an example, EMF force variations have been 
used in order to understand damage in rotors.  
Last, we remind the reader of what we mentioned in the introduction, regarding the interest in 
researching the real modeling of damage. If an expensive and complex structure can be 
manipulated in a non-destructive way, it can mimic its own “damaged” case, with its exact 
geometry and in its working conditions, making the application of Wavelet Transform and, 
probably, machine learning algorithms, a natural next step for the detection of damage, 
“personalizing” the training to each real system separately.  
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APPENDIX 
 
A. ANSYS PROCEDURE FOR USING TETRAHEDRAL ELEMENTS 
Main Menu > Preferences > Structural 
Main Menu > Preprocessor > Element Type > Solid > Tetrahydral 10 node 
Main Menu > Preprocessor > Material Props > Material Models > Structural > Linear > Elastic > Isotropic 
> E=180e9, v=0.29 
Main Menu > Preprocessor > Modeling > Create > Areas > Rectangle > By 2 Corners > (0,0,0.8,0.02) 
Main Menu > Preprocessor > Modeling > Create > Areas > Rectangle > By 2 Corners > 
(0.2545,0.02,0.001,-0.004) 
Main Menu > Preprocessor > Modeling > Create > Areas > Rectangle > By 2 Corners > 
(0.2545,0.02,0.001,-0.004) 
Main Menu > Preprocessor > Modeling > Create > Areas > Rectangle > By 2 Corners > 
(0.5445,0.02,0.001,-0.006) 
Main Menu > Preprocessor > Modeling > Operate > Booleans > Subtract > (pick larger area, click OK, pick 
first “small” area, click OK) 
Main Menu > Preprocessor > Modeling > Operate > Booleans > Subtract > (pick larger area, click OK, pick 
second “small” area, click OK) 
Main Menu > Preprocessor > Modeling > Operate > Extrude > Areas > Along Normal > (pick large area, 
click OK) > (length=0.02) 
Main Menu > Preprocessor > Meshing > MeshTool  
MeshTool > Element Attributes > Global > Set >(pick element 1, material 1)  
MeshTool > Size Controls > Global > Set >(element size = 0.003)  
MeshTool > Size Controls > Global > Set >(element size = 0.003)  
MeshTool > Mesh (choose option ‘free’) > Volumes > Mesh > (select volume, click OK) 
Main Menu > Solution > Define Loads > Apply > Structural > Displacement > Areas > (select leftmost area 
of the beam, click OK) > All DOF, set to 0 
Main Menu > Solution > Analysis Type > New Analysis > Modal  
Main Menu > Solution > Analysis Type > Analysis Options > (Block Lanczos, number of modes to extract = 
10, number of modes to expand = 10, click OK, click OK) (leave both frequencies at 0 in the pop up) 
Main Menu > Solution > Solve > Current LS (wait for ansys to solve) 
Main Menu > General Post Processor > Results Summary  
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This is the list of the eigenvalues for the beam!  
 
B. MATLAB CODES FOR SIMULATION AND DETECTION 
 
SINGLE CRACK DETECTION: 
 
%THIS IS A SINGLE CRACK SCRIPT 
clc; clear;  
  
%PARAMETERS OF BEAM 
b=0.02;                           %beam width 
h=0.02;                           %beam height 
E=180e9;                          %Young's Mod.   
I=(b^4)/12;                       %CrossSection Moment of Inertia 
B=E*I;                             
F=-5000;                          %Force at the end point 
L=0.8;                            %Length of beam 
zc=0.1;                         %Position of crack (non-normalized) 
ac=zc/L;                          %Definition of normalized crack position 
kc=Calc_kc(E,b,0.01,h);       %Crack spring stiffness based on 
[E,width,depth_of_crack,height] 
ec=kc/B;                           
disp(kc) 
  
%DEFINE SAMPLING VECTORS  
St=0.001; 
z1=0:St:zc; 
z2=(zc+St):St:L; 
z=0:St:L; 
  
%DEFINE EQUATIONS FOR CRACKED AND UNCRACKED BEAMS 
v1=(F.*z1.*(-6.*L.*ac-3.*(L.^2)*ec+(z1.^2)*ec))/(6.*B.*ec); 
v2=(F.*((z2.^3).*ec-3.*L.*L.*(2.*ac.*ac+z2.*ec)))/(6.*B.*ec); 
  
un=(F.*z.*(-3*(L^2)+(z.^2)))/(6*B); 
  
%CREATE UNIFIED SIGNALS 
S=1:(L/St+1); 
S(1:(zc/St+1))=v1; 
S((zc/St+2):(L/St+1))=v2; 
  
Sdiff=S-un; 
  
%NOISE INTRODUCTION 
  
SNo=awgn(S,100,'measured'); 
SdiffNo=awgn(Sdiff,100,'measured'); 
  
%PADDING THE GRAPHS 
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padlen=400; 
SNoSmoothPad=wextend('1','sp1',SNo,padlen); 
SdiffNoSmoothPad=wextend('1','spd',SdiffNo,padlen); 
  
  
  
  
%WAVELET GRAPH 
  
figure 
c2=cwt(SNoSmoothPad,1:128,'sym4','3Dplot'); 
zlim([0 0.004]); 
xlim([padlen+1 padlen+L/St+2]) 
colormap pink 
caxis([0, 0.01]) 
xlabel('Spatial Sample') 
 
 
DOUBLE CRACK DETECTION: 
 
%DOUBLE CRACK BEAM 
clc; clear; 
  
%PROBLEM PARAMETERS 
b=0.02;  
h=0.02; 
E=180e9;                             
I=(b^4)/12;                        
B=E*I;                             
F=-500;                          
L=0.8; 
  
zc1=0.20; 
zc2=0.50; 
ac1=zc1/L; 
ac2=zc2/L; 
  
kc1=Calc_kc(E,b,0.004,h); 
kc2=Calc_kc(E,b,0.006,h); 
  
ec1=kc1/B; 
ec2=kc2/B; 
  
%DEFINE SAMPLING VECTORS 
St=0.001; 
z1=0:St:zc1;      
z2=(zc1+St):St:zc2; 
z3=(zc2+St):St:L; 
z=0:St:L; 
  
%DEFINE PIECEWISE EQUATION 
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v1=-(F.*z1.*(3.*L.^2.*ec1.*ec2-
z1.^2.*ec1.*ec2+6.*L.*(ac2.*ec1+ac1.*ec2)))/(6.*B.*ec1.*ec2); 
v2=-(F.*(6.*L.*z2.*ac2.*ec1-
z2.^3.*ec1*ec2+3*L*L.*(2*ac1*ac1+z2.*ec1).*ec2))/(6.*B.*ec1.*ec2); 
v3=-(F.*(-
z3.^3.*ec1.*ec2+3.*L.*L.*(2.*ac2.*ac2.*ec1+2.*ac1.*ac1.*ec2+z3.*ec1.*ec2)))/(
6.*B.*ec1.*ec2); 
  
un=(F.*z.*(-3*(L^2)+(z.^2)))/(6*B); 
  
%CREATE UNIFIED SIGNALS 
S=1:(L/St)+1; 
S(1:(zc1/St)+1)=v1; 
S((zc1/St)+2:(zc2/St+1))=v2; 
S((zc2/St+2):(L/St)+1)=v3; 
  
Sdiff=S-un; 
  
%NOISE INTRODUCTION 
  
SNo=awgn(S,100,'measured'); 
SdiffNo=awgn(Sdiff,100,'measured'); 
  
%PADDING THE GRAPHS 
padlen=500; 
SNoSmoothPad=wextend('1','spd',SNo,padlen); 
SdiffNoSmoothPad=wextend('1','spd',SdiffNo,padlen); 
  
%WAVELET GRAPH 
figure 
c2=cwt(SNoSmoothPad,1:128,'sym5','3Dplot'); 
zlim([0 0.0005]); 
xlim([padlen+1 padlen+L/St+2]); 
colormap colorcube 
  
  
figure 
c3=cwt(SdiffNoSmoothPad,1:128,'gaus2','3Dplot'); 
zlim([0 0.004]); 
xlim([padlen+1 padlen+L/St+2]); 
colormap colorcube 
  
 
 
 
DETECTION FROM GIVEN VECTORIAL INPUT: 
 
clear; clc;  
A=[ 
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-8.7976e-040 
2.3171e-006 
6.1042e-006 
1.1361e-005 
1.8088e-005 
2.6651e-005 
3.7108e-005 
4.9263e-005 
6.3053e-005 
7.8463e-005 
9.5405e-005 
1.1384e-004 
1.3373e-004 
1.5499e-004 
1.776e-004 
2.0149e-004 
2.266e-004 
2.5292e-004 
2.8034e-004 
3.0887e-004 
3.3842e-004 
3.6895e-004 
4.0044e-004 
4.328e-004 
4.6603e-004 
5.0004e-004 
]; 
  
%PLOT VECTOR 
figure 
plot(A); 
  
%NOISE INTRODUCTION 
  
ANoi=awgn(A,70,'measured'); 
  
%PADDING THE GRAPHS 
padlen=500; 
APad=wextend('1','spd',A,padlen); 
ANoiPad=wextend('1','spd',ANoi,padlen); 
  
%PLOT THE NEW SIGNALS 
figure 
plot(ANoi) 
  
figure 
plot(ANoiPad) 
  
%WAVELET GRAPH 
figure 
c1=cwt(ANoiPad,1:32,'sym4','3Dplot'); 
zlim([0 0.001]); 
xlim([padlen+1 padlen+200]) 
colormap pink 
caxis([0, 0.001]) 
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xlabel('Spatial Sample') 
  
  
  
